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1. I. 

ABS TRACT 

T h i s  r e p o r t  p r e s e n t s  a method f o r  s e a r c h i n g  

t h r o u g h  a p a r t i c u l a r  d e f i n e d  o r d e r e d  space f o r  

t h a t  s u b s e t  o f  s y s t e m s  s a t i s f y i n g  t h e  g i v e n  re-  

q u i r e m e n t s .  I t  has  r e s u l t e d  i n  t h e  d e f i n i t i o n  

of a g e n e r a l i 2 e d  t e c h n i q u e  for  s y n t h e s i z i n g  s y s t e m s  

u s i n g  ne twork  c o n c e p t s  t o  s t r u c t u r e  t h e  problem 

and  t h e  d i g i t a l  c o m p u t e r  f o r  c a l c u l a t i n g  t h e  

e l e m e n t  v a l u e s .  T h i s  c o n c e p t  i s  a d i r e c t  a p p r o a c h  

t o  t h e  o p t i m i z a t i o n  problem f o r  it r e q u i r e s  t h e  

e n u m e r a t i o n  o f  a l l  p o s s i b l e  s y s t e m s  w i t h i n  t h e  

o r d e r e d  space s a t i s f y i n g  t h e  s p e c i f i c a t i o n s .  The 

optimum c o n f i g u r a t i o n ,  d e p e n d e n t  upon t h e  c r i t e r i a ,  

i s  t h e n  s e l e c t e d  from among t h e  c a l c u l a t e d  s y s t e m s .  
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S E C T I O N  I 

INTRODUCTION 

The s y n t h e s i s  of s ~ s t e m s  h a s  c l a s s i c a l l y  b e e n  a n  u n d e r -  

t a k i n g  i n  w h i c h  t h e r e  i s  much a r t  as w e l l  as s c i e n c e .  F o r  

a n y  g i v e n  set  of r e q u i r e m e n t s , v a s t l y  d i f f e r e n t  s y s t e m s  may be 

d e v i s e d  t h a t  p r o v i d e  a good f i t  w i t h i n  a d e f i n e d  tolerable  

e r ro r .  T h e  p a r t i c u l a r  s y s t e m  p r o p o s e d  b y  a d e s i g n e r  may be 

somewhat f o r t u i t o u s ,  i n  t h a t  it i s  n o t  w i t h i n  human c a p a b i l i t y  

t o  examine  even  a s i g n i f i c a n t  f r a c t i o n  of those s y s t e m s  w h i c h  

m i g h t  p r o v e  s u i t a b l e .  Thus  t h e  n e e d  f o r  a method of s y s t e m  

s y n t h e s i s  t h a t  is  s u i t a b l e  f o r  m a c h i n e  programming as shown 

i n  F i g u r e  1-1 rests on t h e  r e q u i r e m e n t  f o r  a s s u r a n c e  t h a t  the  

e n d  r e s u l t  may r e a s o n a b l y  be c a l l e d  opt imum. 

The prime q u e s t i o n  i n  a t t e m p t i n g  t o  d e v i s e  s u c h  a method 

of s y n t h e s i s  i s :  "1-n .  what  manner  may an  o r d e r  be imposed  on 

t h e  topological  r e g i o n  c o n t a i n i n g  a l l  p o s s i b l e  s o l u t i o n s ,  s u c h  

t h a t  t h e  d e v e l o p m e n t  of t h e  s y s t e m  may be u n d e r t a k e n  a c c o r d i n g  

t o  log ica l  r u l e s ? "  Thus t h e  f i r s t  p h a s e  of  work u n d e r  t h i s  

c o n t r a c t  w a s  a n  i n v e s t i g a t i o n  t o  d e f i n e  a l i m i t e d  space of 

t h i s  region i n  s u c h  a way t h a t  o p e r a t i o n s  w i t h i n  t h e  s p a c e  

1-1 



c o u l d  be d e v e l o p e d  t ha t  are  s u i t a b l e  fo r  expanded u s e .  

C o n s i d e r a t i o n s  on t h e  a n a l y s i s  and /o r  s y n t h e s i s  of s y s t e m s  

l e a d s  n a t u r a l l y  t o  t h e  geomet ry  of t h e  i n t e r c o n n e c t i o n  p a t t e r n  

be tween  i t s  v a r i o u s  d i s c r e t e  s u b s y s t e m s .  These  d e f i n a b l e  char- 

ac te r i s t ics  which c o n s t i t u t e  t h e  s y s t e m ,  r e a d i l y  l e n d  t h e m s e l v e s  

t o  ma t r ix  f o r m u l a t i o n  a n d  s o l u t i o n  by  d i g i t a l  c o m p u t e r s ;  t h e  

s y s t e m  a b s t r a c t i o n  i s  d e f i n a b l e  b o t h  g r a p h i c a l l y  and  a lgebrai-  

c a l l y .  I n  g e n e r a l  t h e n ,  t h e  problem of s y n t h e s i z i n g  a l i n e a r  

s y s t e m  may be c h a r a c t e r i z e d  as o n e  of d e t e r m i n i n g  t h e  connec-  

t i o n  g e o m e t r y  f o r  a c o l l e c t i o n  of  d i s c r e t e  s u b s y s t e m s  t h a t  w i l l  

s a t i s f y  r e q u i r e m e n t s  d e t e r m i n e d :  a )  e x p e r i m e n t a l l y ,  by  a s e t  

of  o b s e r v e d  v a l u e s ,  o r  b) a n a l y t i c a l l y  b y  a s y s t e i n  of i n t s g r a l -  

d i f f e r e n t i a l  e q u a t i o n s  o r  a t r a n s f e r  f u n c t i o n .  S t a t e ?  a n o t h e r  

way,  s y s t e m  s y n t h e s i s  i s  t h e  d e t e r m i n a t i o n  of a p a r t i c u l a r  s u b -  

s e t  of c o n f i g u r a t i o n s  from t h a t  s e t  w h i c h  s a t i s f i e s  t h e  re- 

q u i r e m e n t s .  T h i s  non-unique  a s p e c t  of  s y n t h e s i s  a s  shown i n  

F i g u r e  1 - 2  al lows for  t h e  d e t e r m i n a t i o n  of t h e  s a t i s f > 7 i n g  s e t  

from y e t  a s t i l l  l a r g e t  s e t  c o n t a i n e d  i n  t h e  o r d e r e d  r e g i o n  of 

a l l  poss ib le  dcxf inablc  i n t c r c o n n c c t i o n  patterns o f  i n t e r e s t .  

A t t e n t i o n  w a s  c o n f i n e d  t o  the two di i iwns io i ia l  rtscrioii s!iown i n  

F i g u r e  1 - 2 .  T h a t  s u c h  cl s p a c e  w a s  n o t  u n i ' l ~ l ~ ~  r c - s t r i c t i v c  i s  

1 - 2  
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i n d i c a t e d  by  t h e  number of  d i s t i n c t  a r r a n g e m e n t s  of componen t s  

t h a t  are p o s s i b l e  w i t h i n  t h i s  s p a c e :  8 , 388 , 607 .  Upon i m p o s i n g  

c o n s t r a i n t s  s u c h  t h a t  o n l y  p h y s i c a l l y  r e a l i z a b l e  s y s t e m s  w e r e  

p r o d u c e d  a n  e s t i m a t e d  4000 d i s t i n c t  p a t t e r n s  w e r e  fo rmed  a c c o r d -  

i n g  t o  mach ine -p rogramab le  r u l e s .  From t h e s e ,  110  t o p o l o g i c a l  

c o n f i g u r a t i o n s  w e r e  d e t e r m i n e d  t o  be b a s i c ,  i . e . ,  n o n - r e d u c i b l e  

a n d  n o n - r e d u n d a n t .  W i t h i n  t he  s p a c e ,  s y s t e m s  h a v i n g  up t o  a n  

18th o r d e r  c h a r a c t e r i s t i c  e q u a t i o n  may be s y n t h e s i z e d .  

I n  summary t h e n ,  t h i s  r e p o r t  p r e s e n t s  a me thod  of u s i n g  

those s y s t e m  cha rac t e r i s t i c s  t h a t  are d e f i n a b l e  g r a p h i c a l l y  

a n d  a l g e b r a i c a l l y ,  y e t  solveable b y  d i g i t a l  c o m p u t e r  t e c h n i q u e s ,  

t o  p r o d u c e  a u n i v e r s a l  s y s t e m  s y n t h e s i s  ( d e s i g n )  p r o c e d u r e .  

The s y n t h e s i s  p r o c e d u r e ,  a s  shown i n  F i g u r e  1-1, b e g i n s  

when,  knowing t h e  o r d e r  of t h e  c h a r a c t e r i s t i c  e q u a t i o n ,  t h e  

B a s i c  I n c i d e n c e  Matrix Summary (BIMS) chart  w h i c h  i s  s t o r e d  i n  

t h e  compute r  memory  i s  e n t e r e d ,  e i t h e r  a t  t h e  s i m p l e s t  n e t w o r k  

c o n f i g u r a t i o n  or  a t  a h i g h e r - o r d e r  c o n f i g u r a t i o n  a s  r e q u i r e d  

b y  t h e  s y s t e m .  The p a r a m e t e r s  of t h e  s e l e c t e d  t o p o l o g y  a re  

t h e n  f i t t e d  t o  t h e  r e q u i r e m e n t s  by a s u i t a b l e  m i n i m i z a t i o n  

t e c h n i q u e .  If a f t e r  a r e a s o n a b l e  number o f  i t e r a t i o n s  t h e  

t e r m i n a t i o n  c r i t e r i a  r ema in  u n s a t i s f i e d ,  a s t e p  i s  t a k e n  t o  
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t h e  n e x t  t o p o l o g i c a l  c o n f i g u r a t i o n .  I f  t h e  t e r m i n a t i o n  c r i t e r i a  

are  s a t i s f i e d ,  it i n d i c a t e s  t h a t  a s y s t e m  t o p o l o g i c a l  c o n f i g u r a -  

t i o n  w i t h  parameters e v a l u a t e d  h a s  b e e n  d e t e r m i n e d  s a t i s f y i n g  

t h e  r e q u i r e m e n t s .  

S i n c e  the  method i s  q u i t e  g e n e r a l  it may be a p p l i e d  t o  t h e  

a n a l y s i s / s y n t h e s i s  i n  any  o r  severa l  areas of e n g i n e e r i n g  d e s i g n .  

By t h e  repeated a p p l i c a t i o n  of t h e  i t e r a t i v e  p r o c e d u r e s  l a r g e  

s y s t e m s  h a v i n g  many i n t e r f a c e s  may be d e v e l o p e d  on  t h e  compute r  

w i t h  a s m a l l e r  e x p e n d i t u r e  of  e n g i n e e r i n g  manpower.  C o n s e q u e n t -  

l y  by  u s i n g  t h e  d i g i t a l  computer  t o  d e t e r m i n e  s y s t e m  c o n f i g u r a -  

t i o n s ,  optimum d e s i g n  choices c a n  be made m o r e  i n t e l l i g e n t l y  a t  

a l o w e r  e n g i n e e r i n g  c o s t  t h a n  a t  p r e s e n t .  

1-5 
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SECTION I1 

SYSTEM NETWORK TOPOLOGY 

This section develops the mathematical model for the 

structural or interconnection pattern of a system. The alge- 

braic abstraction of the system is then developed in conjunc- 

tion with this graphical representation. 

A. SYSTEM CONCEPTS 

A system as represented in Figure 11-1 is cefined as a 

collection of discrete component (subsystems) having definable 

characteristics which in totality constitute an entity (a sys- 

tem) having definable characteristics. The components of a 

system may be finite and physically describable, such as 

h 

FIGURE 11-1. A collection of discrete inter'-,\ ccted 
regions, forming a system. 
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hardware; o r  a r e  l e s s  t a n g i b l e  d i s c r e t e  elements ( r eg ions )  de- 

f i n i n g  an a s soc ia t ed  func t iona l  i n t e r a c t i o n  superimposed upon 

a topologica l  s t r u c t u r e .  Figure 11-1 r e p r e s e n t s  diagrammati- 

c a l l y  t h e  in te rconnec t ion  of t h e  system, where t h e  con tac t  

p o i n t s  are t h e  junc t ion  or i n t e r f a c e s  between any two reg ions  

Rij,Rj. 

The a s soc ia t ed  system network i s  generated from t h e  mathe- 

ma t i ca l  model b y  two mutually independent c h a r a c t e r i s t i c s :  

(1) an a l g e b r a i c  s t r u c t u r e  de f in ing  t h e  c h a r a c t e r i s t i c s  of t h e  
I( 

reg ions  or  components superimposed upon ( 2 )  t h e  topo log ica l  

s t r u c t u r e  def in ing  t h e i r  in te rconnec t ion  p a t t e r n .  This model 

then  allows fo r  an ordered approach t o  t h e  a n a l y s i s  and syn thes i s  

of systems. Network concepts a r e  app l i cab le  t o  a w i d e  range of 

phenomena allowing f o r  immediate g e n e r a l i z a t i o n  and a p p l i c a b i l i t y .  

B.  NETWORK AND GRAPH CONCEPTS 

When consider ing a system from a geometric o r  toPologica l  

p o i n t  of view, i t s  qraph i s  of g r e a t  importance.  T!:c graph 

of  t h e  s y s t e m  r ep resen t s  i t s  in te rconnec t ion  p a t t e r n .  Figure 

11-2a r ep resen t s  schematical ly  a system w i t h  i t s  i i : I  i.i-connect- 

i ng  paths  i n d i c a t e d ,  and Figure 11-3b shows i t s  C Q L  I \>s-ponding 

graph.  From t h e  diagram it may be noted t h a t  t h e  C -  .h i s  

1 1 - 2  



f o u n d  by  r e p l a c i n g  each of t h e  s y s t e m  e l e m e n t s  b y  d i r e c t e d  l i n e s ,  

w i t h  e a c h  l i n e c o n n e c t i n g  t w o  v e r t i c e s  o r  n o d e s .  A b r a n c h  i s  a 

FIGURE 1 1 - 2 .  a )  Sys tem s c h e m a t i c  and  b) i t s  . ; r a p h .  

d i r e c t e d  l i n e  seymen t  of a g r a p h ,  i n c l u d i n g  i t s  ti\(> . i . r t ices ,  

as shown i n  F i g u r e  11-3. Its l e n g t h  or  c u r v a t u r e  ’ >  n o  

11-3 



meaning; only t h e  nodes i t  connects a r e  important .  Each branch 

tb (tcriniiiating node) 

FIGURE 11-3 .  Branch 'la" , showing i t s  o r i g i n a t i n g  
.and terminat ing nodes. 

o f  t h e  network n?ay cons i s t  o f  t h e  elemental  p a r t s  of  t h e  s\:stzm, 

o r  a complex combination of elemental  p a r t s .  I n  drawing a graph 

a l l  energy sources  a r e  removed, w i th  t h e  "ac ross"  v a r i a b l e s  1 

( p o t e n t i a l  d i f f e r e n c e ,  r e l a t i v e  v e l o c i t y ,  p re s su re  d i f f e r e n c e ,  

e t c . )  being rep laced  b y  a c losed  path ( a  s h o r t  - i . e . ,  a l i n e  

segment having no d i r ec t ion  a s soc ia t ed  wi th  i t) and t h e  

"through" v a r i a b l e s  ( cu r ren t ,  f o r c e ,  volume flow r a t e ,  e t c . )  

heing replaced by ar, eper, path (i .c. , no line s3gxznt) . 

Each branch i n  t h e  node space s e t  connects exac t ly  two 

nodes.  A p a r t i c u l a r  interconnect ion of  branches is t h a t  subse t  

of t h e  node space,  which r ep resen t s  g raph ica l ly  t h e  in te rcon-  

nec t ion  p a t t e r n  of t h e  system under cons ide ra t ion .  To a lge-  

11-4 
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b r a i c a l l y  spec i fy  t h e  incidence or c o n n e c t i v i t y  r e l a t i o n s h i p s  

of t h e  graph,  a matr ix  i s  def ined such t h a t  each element h a s  

t h e  va lue  of -1, 0 ,  o r  +1. Depending upon t h e  basic d e f i n i t i o n ,  

t w o  fundamental matrices are found: 1) t h e  branch-node inc idence  

m a t r i x  and 2 )  t h e  branch-mesh inc idence  mat r ix .  A one-to-one 

correspondence e x i s t s  between t h e  rows and columns of t h e  mat r ix  

and t h e  branch and t h e  nodes or  meshes of t h e  graph.  The branch- 

node incidence mat r ix  A and t h e  branch-mesh inc idence  ma t r ix  C 

are  dua l s ,  and a re  r e l a t e d  t o  each o t h e r b y  t h e  fundamental 

r e l a t i o n s h i p  11-1. 

CAT = ACT = 0 (11-1) 

A s  a simple demonstration o f  t h e  above Equation ( 1 1 - l ) ,  

cons ider  t h e  three- loop five-branch network graph shown i n  

F igure  11-3. By t h e  appropr ia te  mat r ix  formulat ion and mul t i -  

p l i c a t i o n  t h e  n u l l  matrix i s  found as i n d i c a t e d  i n  Equation 11-1. 

m 
A. c= 

FIGURE 11-4. Three-loop five-branch network graph and i t s  
a s soc ia t ed  branch-node inc idence  ma t r ix  A and 
i t s  branch-mesh inc idence  mat r ix  C .  

11-5 
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The mathematical aspects .  of t h e  network graph a r e  r e l a t e d  

through i t s  topologica l  p rope r t i e s  def ined i n  terms of t h e  cu t -  

s e t  and c i r c u i t  ma t r i ces .  

graph N of b branches and n nodes i n  t h e  p x q node space s e t  

i s  a minimal subse t  of t h e  branches of N whose removal s e p a r a t e s  

N i n t o  exac t ly  two connected subnetwork graphs Ns and N g  having 

n o  common nodes. A cu t -se t  mat r ix  A = (qib) i s  any ma t r ix  whose 

r o w s  a r e  c u t - s e t  vec to r s  q( 

A cu t - se t  of a p a r t i c u l a r  network 

i ’  

A c i r c u i t  of a p a r t i c u l a r  network graph N of  b branches 

and n nodes i n  t h e  p x q node space s e t  i s  a subse t  of branches 

t h a t ,  toge ther  w i th  t h e i r  end p o i n t s ,  

A c i r c u i t  mat r ix  B = (Pub)  i s  any mat r ix  whose rows a r e  c i r c u i t  

v e c t o r s  p,. 

form a simple c losed  curve.  

The above two matr ices  lead  d i r e c t l y  t o  t h e  two fundamental 

gene ra l i zed  laws of  system-network graphs (gene ra l i zed  Kirchhoff 

l a w s )  : 

I. 

11. 

The product of any c i r c u i t  vec tor  f l  and any across  

vec tor  V i s  equal t o  zero.  ( B V  = 0 ) .  

The product of any cu t - se t  vec tor  9: and any through 

vec tor  1 i s  equal t o  zero (31 = 0 ) .  
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It is felt that the development of the basic topological 

concepts necessary for the manipulation and description of the 

system graphs will be 

of the particular example shown in Figure 11-5. 

enhanced by a side-by-side consideration 

FIGURE 11-5. Three-loop eight-branch network graph. 

1 1 - 1  0 0 0 ' 0  0 

\ O - ) I  l o o 0  
l O - l \ O ~ \ - \  

Generalized Kirchhoff's 
across relationship 
g v = o  

(11-2) 

11-7 
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2 )  Generalized Kirchhoff's 
through r e l a t i o n s h i p  

I o l n o o o  
VI = 0 .  

The branch, through matr ix  Tir,- - 
3) 

i s  given by I. = bI, r3 

ip@ - \  - \  -I 

= o \ o  
0 0  I 

0 0  1 

0 0 ' I ,  
J 

(11-4) 
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0 

I 

t 

4) The b r a n c h ,  t h r o u g h  mat r ix  
Ib i s  t r a n s f o r m e d  i n t o  t he  
across mat r ix  vb by p r e -  
m u l t i p l y i n g  by  t h e  t r a n s -  
format i o n  b r a n c h  matrix 

Lbr 

5 )  D e f i n i n g  t h e  column m a t r i x  
e e a c h  o f  whose  e l e m e n t s  
g i v e s  t h e  t o t a l  across 
mat r ix  s o u r c e s  i n  a loop, 
t h e  c h a r a c t e r i s t i c  i m -  
p e d a n c e  of t h e  s y s t e m  may 
now be d e f i n e d  as 
Z = pzbr.8 w h e r e  Zbr i s  a 
d i a g o n a l  m a t r i x  d e f i n i n g  
t h e  i n d i v i d u a l  b r a n c h  
impedances .  

e’ 

(11 -5 )  

(11 -6 )  

(11-7)  

! 

6 )  The c h a r a c t e r i s t i c  imped- ( z  ,+ Z&+ r,, (t,+ Zd 
( 2  ( z,+ t,. Zs-i!J a n c e  fo r  t h e  p a r t i c u l a r  

s y s t e m  c o n f i g u r a t i o n  con- 
s i d e r e d  may be d e t e r m i n e d  
by  ma t r ix  m u l t i p l i c a t i o n  
as shown. 

C .  NETWORK EQUATIONS 

For a g e n e r a l i z e d  n - d e g r e e  of f reedom l i n e a r  dynamic  s y s t e m ,  

t h e  e q u a t i o n s  o f  m o t i o n  u s i n g  t h e  L a p l a c e  t r m s f o r m  c p c r a t o r  inay 

be w r i t t e n  i n  t h e  form: 

(11 -9 )  

k 



Fl(S) , F 2  ( S )  . . .F ( S )  r e p r e s e n t  t h e  f o r c i n g  o r  d i s t u r b i n g  f u n c t i o n s  

a p p l i e d  t o  t h e  g e n e r a l i z e d  c o o r d i n a t e s  X1(S),X2(S),...X3(S) w i t h  

impedance  f u n c t i o n s  b e i n g  a t  m o s t  a q u a d r a t i c  of t h e  f o r m  

3 

M i j S  2 + BijS + K i j ,  w h e r e  t h e  c o e f f i c i e n t s  have p o s i t i v e  r ea l  

v a l u e s  (zero  i n c l u d e d ) .  

t h e  p r i n c i p l e  of s u p e r p o s i t i o n  a p p l i e s ,  o n l y  o n e  f o r c i n g  f u n c t i o n  

i s  c o n s i d e r e d  i n  t h e  s u b s e q u e n t  d e v e l o p m e n t ,  w i t h  a l l  t h e  o t h e r s  

b e i n g  e q u a l  t o  zero.  

W i t h o u t  l o s i n g  a n y  g e n e r a l i t y ,  s i n c e  

T h e  above  e q u a t i o n  may t h e n  be w r i t t e n  as  

where 

[Fl = 

(11-10) 

(11-11) 

I n  t h e  f r e q u e n c y  domain t h e  e l e m e n t s  Z i ,  of ' [ Z ]  are  i n  g e n e r a l  

complex impedance  f u n c t i o n s ,  where 

. .  
L ' J  r e p r e s e n t s  loop s e l f - i m p e d a n c e  f u n c t i o n s  (11 -12)  qi m 

i # j  r e p r e s e n t s  loop mutua l - impedance  f u n c t i o n s .  

T h e r e f o r e ,  t h e  r e s p o n s e  o f  t h e  Kth g e n e r a l i z e d  c o o r d i n a t e  may 

be d e t e r m i n e d  i n  t h e  S -p lane  as:  

11-10 



t h e  Kth l o o p  i s :  

c, = z,x. 

r e s u l t i n g  i n  a t r a n s f e r  f u n c t i o n :  

(11-14) 

(11-15)  

where lZl i s  the  d e t e r m i n a n t  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  of 

t he  sys t em and  1M1 i s  i t s  m i n o r ,  formed by c a n c e l l i n g  t h a t  

column which  b e l o n g s  t o  t h e  g e n e r a l i z e d  c o o r d i n a t e  of i n t e r e s t ,  

a n d  t h a t  row which  c o r r e s p o n d s  i n  E q u a t i o n  (11-10) t o  t h e  

e x p r e s s i o n  w i t h  t h e  non-zero l e f t  s i d e .  

The d e t e r m i n a n t  o f  t h e  cha rac t e r i s t i c  impedance d e v e l o p e d  

i n  Equa t ion  (11-7) i s  i d e n t i c a l  t o  t h e  one  i n  E q u a t i o n  (11 -13) .  

T h e r e f e r e  t h e  deve lcpment  cf t h e  impedance f i ~ i c t l ~ i i  fro= t h e  

n e t w o r k - t o p o l o g i c a l  p o i n t  of view y i e l d s  t h e  s a m e  r e s u l t  as 

t h e  deve lopment  from a sys t em o f  i n t e g r o - d i f f e r e n t i a l  e q u a t i o n s .  

The a d m i s s i b l e  b r a n c h  impedance c o n s i d e r e d  i n  t h e  deve lopment  

from t h e  t o p o l o g i c a l  a s p e c t s  i s  a t  most  a q u a d r a t i c  i n  form 

for  t h e  d i a g o n a l  m a t r i x  [zbr] 

11-11 - 



D SYSTEM ALGEBRA (MANIPULATION) 

FIGURE 11-6. Sys tem schematic ,  i t s  graph a n d  m e c h a n i c a l  
and e l e c t r i c a l  e q u i v a l e n t s .  

F i g u r e  11-6 shows four d i f f e r e n t  s y s t e m  r e p r e s e n t a t i o n s  
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The i n c i d e n c e  o r  c o n n e c t i v i t y  r e l a t i o n s h i p s  i n  ma t r ix  f o r m  fo r  

t h e  s y s t e m  a re  

a )  br anch-node 

b) br anch-me sh 

(11-17)  

(11-18) 

S i n c e  E q u a t i o n s  11-17 and  11-18 are d u a l s  of each o t h e r  it may 

be n o t e d  t h a t  

(11-19)  

L e t  it now be assumed t h a t  t h e  s y s t e m  t o p o l o g y  shown i n  

F i g u r e  11-6b i s  a subset of a s l i g h t l y  larger  topology c o n s i s t -  

i n g  of 3-meshes and  5 -b ranches  as shown i n  F i g u r e  1 1 - 7 .  
6 

F i g u r e  1 1 - 7 .  3-mesh 5-branch  t o p o l o g y .  
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The i n c i d e n c e  mat r ix  f o r  t h i s  p a r t i c u l a r  n e t w o r k  i s  g i v e n  b y  

E q u a t i o n  11-20 

~ 1 0 0 0  

c= [ * - I  t I .] 
0 0 - 1  0 I 

(11-20)  

I t  i s  now possible t o  d e t e r m i n e  t h e  p a r t i c u l a r  topological s u b s e t  

shown i n  F i g u r e  I I " 6 b  from t h e  larger t o p o l o g y  i n  t w o  d i f f e r e n t  

ways  as shown i n  F i g u r e  11-8a a n d  b. 

FIGURE 11-8. Two t o p o l o g i c a l  s u b s e t s  o.f a 3-mesh 
5-branch  t o p o l o g y .  

AS may be n o t e d  from F i g u r e  I i-8a t h a t  t h e  n e t w o r k  of i n t e r e s t  

c o n t a i n s  b r a n c h e s  1, 2 a n d  3 a n d  meshes  1 and 2 ,  t h e r e f o r e  t h e  

i n c i d e n c e  ma t r ix  d e s c r i b i n g  t h i s  c o n f i g u r a t i o n  may be formed 

b y  c o l l a p s i n g  t h e  g e n e r a l  r e c t a n g u l a r  i n c i d e n c e  a r r a y  b y  m u l t i -  

p l y i n g  the  columns  c o n t a i n i n g  b r a n c h e s  4 a n d  5 a n d  r o w  c o n t a i n -  

i n g  mesh 3 b y  z e r o  t o  form E q u a t i o n  11-18. On t h e  o t h e r  h a n d ,  
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The c h a r a c t e r i s t i c  im9edance  i s  found by ma t r ix  mLlc iz l ica-  

t i o n  as shown i n  E q u a t i o n  1 1 - 2 1  w h i c h  i s  i d e n t i c a l  t o  EqG3t ion  

11-16. 

( T I - 2 1 )  



S E C T I O N  I11 

ORDERED SPACE 

The concept of  t h e  ordered t o p o l o g i c a l  space a s  presented  

i n  t h e  previous Sec t ions  I and I1 in t roduces  t h e  a s soc ia t ed  

t a s k  of def in ing  t h e  appropriate  s ea rch  inode through t h i s  

space f o r  determining topologies  s a t i s f y i n g  a t r a n s f e r  func t ion  

of t h e  genera l  form: 

n 
(111-1) 

This  s ec t ion  cons iders  i n  d e t a i l  t h e  development of t h e  Basic  

Topologies from t h e  more general  one def ined  i n  Figure 111-1, 

and de f ines  t h e  r equ i r ed  search p a t t e r n  through t h e  space.  

F I G U R E  111-1. Ordered 3 x 3 node space.  
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i. 

A. TOPOLOGICAL CONFIGURATION 

When consider ing a system s y n t h e s i s  problem it i s  important  

t o  de f ine  an ordered region i n  which t o  search  f o r  those  i n t e r -  

connection p a t t e r n s  t h a t  w i l l  provide acceptab le  s t r u c t u r e s  f o r  

i n t e r p r e t a t i o n .  A s  noted i n  Sect ion I ,  t h r e e  ( 3 )  loop by t h r e e  

( 3 )  loop space was conceived a s  a region of  more than adequate 

complexity t o  demonstrate t h e  approach on small  s y s t e m s .  A s  

shown i n  Figure 111-1, there  i s  a d e f i n i t e  order  and p a t t e r n  

a s soc ia t ed  wi th  botsh t h e  v e r t i c a l  and h o r i z o n t a l  branches,  and 

a l s o  wi th  t h e  loops.  The ho r i zon ta l  branches a r e  all def ined  

a s  odd numbered branches,  w h i l e  t h e  v e r t i c a l  branches a r e  de- 

f ined  a s  even numbered branches.  

The genera l  concept of  t h e  ordered space de f ines  a problem 

unique t o  i t s e l f :  Determine an optimum search  pa th  through 

t h i s  space such t h a t  a topology s a t i s f y i n g  Equation 111-1 may 

be found. Recal l  t h a t  any topo log ica l  s u b s e t  formed from t h e  

3 x 3 node space t h a t  s a t i s f i e s  Equation 111-1 i s  a s o l u t i o n  

t o  t h e  system syn thes i s  problem. Any t opo log ica l  subse t  which 

s a t i s f i e s  t h e  l a w s  of formation i s  c a l l e d  a p o s s i b l e  togo loq ica l  

conf iqu ra t ion .  Any possible  topo log ica l  conf igura t ion  which 

s a t i s f i e s  t h e  r e s t r i c t i o n s  imposed b y  the p a r t i c u l a r  node space 

being considered i s  c a l l e d  a f e a s i b l e  topoloqica l  conf iqu ra t ion .  
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Any f e a s i b l e  topologica l  conf igura t ion  which i s  a fundamental 

(unique) subse t  of t h e  p a r t i c u l a r  node space being considered,  

and t o  which o the r  f e a s i b l e  conf igura t ions  may be reduced, i s  

c a l l e d  a b a s i c  topoloqica l  conf iqu ra t ion .  The search  mode 

through t h e  space then ,  i s  def ined i n  terms of an ordered pro- 

gress ion  through t h e  b a s i c  topo log ica l  conf igu ra t ions .  Table 

111-1 summarizes t h e  96 forms of mesh combination f o r  genera t ing  

t h e  f e a s i b l e  topo log ica l  conf igura t ions .  

I 

B .  LAWS O F  FORMATION 

Considering t h e  s p e c i f i c  3 x 3 node space previous ly  de- 

f ined  i n  Figure 111-1, t h e  laws of formation f o r  t h e  p o s s i b l e  

topologica l  conf igura t ions  up t o  and inc luding  3 loop networks, 

a r e  formulated using t h e  following l o g i c  symbols and no ta t ions :  

= r ep resen t s  t h e  meshes a s soc ia t ed  w i t h  node 
space ( f o r  a 3 x 3 ,  a = 1 , 2 , 3  ..., 9) 

= r e p r e s e n t s  t he  var ious  loops of i n t e r e s t  a s soc ia t ed  
w i t h  t h e  node space,  and c o n s i s t s  of one or  more 
meshes 

= l o g i c  symbol represent ing  "o r "  

= l o g i c  symbol represent ing  "and" 

= l o g i c  symbol represen tin9 "not"  

= symbol used t o  i n d i c a t e  more than one coi:>,bined 
''or" operat ion 

= symbol u s e d  t o  i n d i c a t e  morc than one cc-:'i'>ined "and" 
ope ra t ion .  
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TZBLE 111-1 

r 

POSSIBLE MESH COMBINATIONS 

Possible Mesh 
Combinations 

9 

20 

23 

18 

12 

17 

4 

2 

L 

Mesh Combinations 

1,2,3,4,5,6,7,8,9 

(11 , 12,13 , 141,15 , 16/17 I 18) 
(22,23,24,25,26,27) 
(33 , 34/35 , 36) (44,451 

(111,112,113,114,115,116,117) 
(122,123,124,125,126) 
(133,134,135) (144) 
(222,223 , 224,225) (233,234) (333) 

(1111,1112,1113,1114,1115,1116) 

(1222,1223,1224) (1233) (2222,2223) 
(1122,ii23,ii24,ii25) (1133 , 1134) 

(11111 , 11112,11113,11114,11115) 
(11122,11123,11124)(11133) 
(11222,11223)(11133) 

(111111,111112,111113,111114) 
(111122,111123) (111222) 

(1111111,1111112,1111113)(1111122) 

(11111111,11111112) 
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These l o g i c  laws may be programmed on t h e  d i g i t a l  computer t o  

'f def ine  t h e  b a s i c  topologica l  space t h a t  w i l l  be used i n  t h e  

gene ra l  search  program f o r  synthes iz ing  t h e  system. 

1 Loop 

[Li = (1,2,3,4,5,6,7,8,9) 

This r ep resen t s  an almost t r i v i a l  case where f o r  any t opo log ica l  

conf igura t ion  t h e r e  e x i s t s  only one b a s i c  topology L = M1. i 



3 Loop 

i 

t 

0 

0 

j 

i C'V 



C. BASIC INCIDENCE MATRIX SUMMARY ( B I M S )  

From t h e  l a r g e r  p o p u l a t i o n  of  c o n f i g u r a t i o n s  as g e n e r a t e d  

f r o m  t h e  p a r t i c u l a r  o r d e r e d  3 x 3 n o d e  space of F i g u r e  111-1, 

110 were d e f i n e d  as b e i n g  basic c o n f i g u r a t i o n s ,  f o r  a t w o  p o r t  

t h ree  t e r m i n a l  t o p o l o g y .  The B a s i c  I n c i d e n c e  Matrix Summary 

(BIMS) c h a r t ,  F i g u r e s  1 1 1 - 2  a n d  111-3 p r e s e n t s  i n  a f o r m  

r e a d i l y  programmable f o r  computer  a p p l i c a t i o n  t h e  110 basic  

n e t w o r k s  t o  be u s e d  s e q u e n t i a l l y  i n  t h e  search fo r  s y s t e m a t i -  

c a l l y  s y n t h e s i z e d  ' sys tems s a t i s f y i n g  s p e c i f i c a t i o n  s e t s .  The 

g e n e r a l i z e d  branch-mesh  i n c i d e n c e  m a t r i x  ( l o w e r  r i g h t  hand  

c o r n e r )  i s  s t o r e d  i n  t h e  computer  memory b a n k s .  A p a r t i c c l l a r  

basic i n c i d e n c e  m a t r i x  i s  g e n e r a t e d  b y  c o l l a p s i n g  t h e  g e n e r a l -  

i z e d  a r r a y  a c c o r d i n g  t o  t h e  r u l e s  d e E i n e d  b y  t h e  column of 

b r a n c h  e n t r i e s  and  t h e  row of  mesh e n t r i e s ,  a s  m o d i f i e d  bj; 

t h e  c o m b i n a t i o n a l  l a w s .  
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SECTION IV 

SYSTEM SYNTHESIS 

T h i s  s e c t i o n  i s  e x p o s i t o r y  i n  n a t u r e ,  s i n c e  it d e m o n s t r a t e s  

t h e  approach a n d  t e c h n i q u e s  shown i n  F i g u r e  1-1 for s y n t h e s i z -  

i n g  a p a r t i c u l a r  s y s t e m .  It i s  assumed t h a t  t h e  o v e r - a l l  t r a n s -  

fer  f u n c t i o n  fo r  t h e  r e q u i r e d  s y s t e m  i s  known a n d  i s  a s table  

a n d  r a t i o n a l  f u n c t i o n  and  i s  o f  t h e  f o r m :  

(IV-1) 

It i s  a l so  assumed t h a t  t h e  d e n o m i n a t o r  i s  of o r d e r  m s u c h  t h a t  

there  ex is t s  a t  l e a s t  o n e  t opo log ica l  s u b s e t  w i t h i n  t h e  3 x 3 

node  space t h a t  w i l l  s a t i s f y  i t .  I t  i s  now p o s t u l a t e d  t h a t ,  

a )  t h e  search t h r o u g h  t h e  node space i s  a t  t h e  ne twork  c o n f i g u r a -  

t i o n  8 ,  o r  b) it i s  s t a r t i n g  a t  c o n f i g u r a t i o n  8 .  

A. DEVELOPING A NODE SPACE TRANSFER FUNCTION 

S t e p  1. From t h e  BIMS c h a r t  1 1 1 - 2  i t  m a y  be c o n s t r u e d  

t h a t  it i s  t h e  t h r e e  loop ,  5 b r a n c h  i n t e r c o n n e c t i o n  c o n f i g u r a -  

t i o n  shown i n  F i g u r e  IV-1 s u p e r i m p o s e d  o n  t h e  3 x 3 node  space.  

IV-1 
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F I G U R E  I V - 1 .  In terconnect ion conf igura t ion  of b a s i c  topology 
number 8 and a po r t ion  of t h e  genera l ized  
incidence matr ix .  

I n  forming t h e  p a r t i c u l a r  incidence a r r a y  of i n t e r e s t  l e t  it 

be defined t h a t  t h e  l i t e r a l  “ a ”  r e p r e s e n t s  branch number 8 ;  

t h e r e f o r e  t h e  b a s i c  topology i s  def ined  i n  terms of meshes 1, 

2 ,  4 and 5 wi th  t h e  included branches 2 ,  4 ,  7 ,  8 and 9 .  The 

f i r s t  s t age  of t h e  col lapsed incidence a r r a y  f o r  net\<ork 8 i s  

shown i n  Figure I V - 2  ( s t i l l  r e t a i n i n g  o r i g i n a l  d e f i n i t i o n s  of 

branches and nodes) .  

F l G U R E  I V - 2 .  First stage of  def in ing  incidence arra). 
fo r  topology number 8 .  

TV-2 



Step  2 .  I f  t w o  o r  more meshes d e f i n e  a loop as  i n d i c a t e d  

by t h e  symbolism Mi + M + ... + % on t h e  s i d e  of  t h e  t a b l e ,  

t h e n  it i s  necessary t o  add t h e  r e q u i r e d  rows o f  t h e  a r r a y  t o  

f o r m  t h e  p a r t i c u l a r  loops of i n t e r e s t .  I n  t h i s  case it i s  nec- 

e s s a r y  t o  add the  3rd a n d  4th rows (meshes 4 and 5)  t o g e t h e r  

forming a 3 x 5 matrix shown i n  F igure  IV-3. ( I t  i s  n o t  nec- 

e s s a r y  t o  r e m e m b e r  any of t h e  meshes or branches because t h e y  

j 

FIGURE I V - 3 .  Second s t a g e  o f  d e f i n i n g  inc idence  mat r ix  
f o r  topology number 8 .  

a re  unique t o  t h e  3 x 3 node space and can a l w a y s  be determined) .  

I f  two o r  more meshes a r e  n o t  combined t o  form a loop - Step  2 

i s  no t  r equ i r ed .  

S t ep  3 .  The c h a r a c t e r i s t i c  equat ion  (impedance) o f  t h e  

system can be determined by ma t r ix  m u l t i p l i c a t i o n .  

( I V - 2 )  
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where 

r e s u l t i n g  i n  

r 

S t e p  4. To ev 

( I V - 3 )  

( I V - 4 )  

Luate  t h e  mat r ix  a n d  d e t e r m i n e  t,,e t r a n s f e r  

f u n c t i o n  of t h e  n e t w o r k ,  form t h e  e x p r e s s i o n  f o r  t h e  t r a n s f e r  

f u n c t i o n  

w h e r e  /MI r e p r e s e n t s  t h e  minor  of t h e  d e t e r m i n a n t  j Z 1 ,  r e s u l t -  

i n g  f r o m  t h e  c a n c e l l a t i o n  o f  t h a t  column w h i c h  b e l o n g s  t o  t h e  

g e n e r a l i z e d  c o o r d i n a t e  of i n t e r e s t ,  a n d  of t h a t  r o w  w h i c h  

c o r r e s p o n d s  t o  t h e  p a r t i c u l a r  f o r c i n g  f u n c t i o n  of i n t e r e s t .  

( I V - 6 )  

I V - 4  



S t e p  5 .  Form t h e  o b j e c t i v e  f u n c t i o n  ( h e r e ,  a g a i n ,  a d d u c e d  

a r b i t r a r i l y  

( I V - 7 )  

S t e p  6 .  I n i t i a l i z e  t h e  ob jec t ive  f u n c t i o n  e ( d  by  p o s t u l a t -  

i n g  a s e t  of p o s i t i v e  v a l u e s  f o r  t he  c o e f f i c i e n t s  of T N ( s ) .  

s u c h  choice of v a l u e s  might  be u n i t y  for e a c h ,  

s tep .  

One 

as a n  i n i t i a l  

S t e p  7 .  P r o c e e d  t o  m i n i m i z e  t h e  objec t ive  f u n c t i o n  9 ( ~ )  

by  t h e  g r a d i e n t  t e c h n i q u e  - c o n t i n u e  i t e r a t i o n  process u n t i l  t h e  

p r e s c r i b e d  minimum i s  d e t e r m i n e d  o r  u n t i l  t he  a p p r o p r i a t e  number 

of i t e r a t i o n s  h a v e  b e e n  c o m p l e t e d .  I f  a minimum i s  r e a c h e d  t h e n  

t h i s  t o p o l o g y  w i t h  t h e  c a l c u l a t e d  v a l u e s  r e p r e s e n t s  a p o s s i b l e  

s y s t e m  c o n f i g u r a t i o n .  

mum w a s  n o t  r e a c h e d  a f t e r  a p r e d e t e r m i n e d  number of i t e r a t i o n s ,  

p r o c e e d  t o  basic t o p o l o g y  number 9 a n d  p r o c e e d  i n  t h e  manner 

o u t l i n e d  a b o v e .  T h i s  p r o c e s s  i s  r e p e a t e d  a) u n t i l  a s y s t e m  

c o n f i g u r a t i o n  i s  s y n t h e s i z e d  o r  b) u n t i l  a l l  t h e  p o s s i b l e  

s y s t e m  c o n f i g u r a t i o n s  for  t h e  s p e c i f i e d  r e g i o n  h a v e  b e e n  d e t e r -  

mined .  

I f  on t h e  o ther  h a n d  a s a t i s f a c t o r y  m i n i -  

I V - 5  
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S E C T I O N  V 

NETWORK TOPOLOGY - MECHANICAL IMPEDANCE SYSTEM 

This section outlines the procedure for writing the equa- 

tions of motion of a coupled mechanical system in terms of its 

network parameters. 

Lagrange's equations with electro-mechanical analogs and im- 

The relationships are developed from 

pedance concepts. .. 
Mechanical-electrical network analogies are founded on a 

comparison of Lagrange's equations for two similar systems. 

The necessary quantities are the potential and kinetic energy 

stored in the two systems and the dissipation, expressed as 

functions of a generalized coordinate which in a mechanical 

system is the displacement and in an electrical system is the 

current. 

L 

R 

FIGURE V-1 

V-l 



Given the two simple systems shown in F i g u r e  V - 1 ,  the f o l l o w -  

ing relationships may be written: 

Electrical Mechanical 

Lagrange's equations f o r  the generalized coordinates are: 
i 
i 

t Expanding the equations for each of these systems, 

v- 2 
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A comparison of t h e  c o e f f i c i e n t s  of t h e  above equat ions 

i n d i c a t e s  t h e  following analogies:  

vo l tage  v . . . . . f fo rce  

charge q . . . . . x displacement 

cu r ren t  i . . . . x v e l o c i t y  

1 capac i tacce  c . . . . . - i nve r se  sp r ing  cons tan t  
K 

inductance L . . . - . M m a s s  
(compliance) 

The corresponding impedance of p r imi t ive  elements may 

now be w r i t t e n  a s  shown i n  Table V-1.  

TABLE V-1  

. P R I M I T I V E  ELEMENT IMPEDANCES Z ( s )  

1 Mechanical I E l e c t r i c a l  

.- 
G= -E- = - s -c & C S  

v-3 



- 0  

It should be noted that the number of generalized coordi- 

nates (the index n in Equation V-4) is the number of degrees 

of freedom of the system. 

act in parallel to each other as shown in Figure V-2a; 

if the forces contributed by them are functions of the same 

motion or motions,there is only one degree of freedom and the 

appropriate expression is 

It follows that if mechanical elements 

that is, 

(by Newton's law) ( V - 9 )  

( M s + D + * k ) i  - 0  (V-10) 

so that the lumped impedance of mechanical elements acting in 

parallel is the sum of their individual impedances. 
x 

K 

_-- / 
/ 

-1 D $ 
X 

I 7  1 
4 I 

I i 9 T' 
L 

L 

FIGURE V-2a FIGURE V-2b 

The analogous electrical circuit is shown in Figure V-zb, where 

the expression is 

v- 4 



o r  

Figure V-3 shows a s i m p l e  coupled mechanical system f o r  

which t h e  equat ions of  motion a r e  r equ i r ed .  

.FIGURE V-3 

The two coordinates  needed t o  descr ibe  t h e  s t a t e  of t h i s  s y s t e m  

are X and X I t h e  displacements of  t h e  masses from t h e i r  rest  

p o s i t i o n s .  From t h e  diagram it i s  c l e a r  t h a t  t h e  fo rces  which 

e x i s t  on Ml due t o  t h e  prime elements K L l  Dl and M1 a r e  dependent 

only on t h e  motion of  M l ;  and s i m i l a r l y  t h e  fo rces  on M2 due t o  

K3,D3 and M2 a r e  due only t o  t h e  motion of M2. The elements K 2  

and D2 e x e r t  fo rces  on both M1 and M 2  and t h e  magnitude of t h e s e  

fo rces  a r e  dependent upon t h e  r e l a t i v e  motion be tween  t h e  two 

masses. These r e l a t i o n s h i p s  suggest  t h e  p o s s i b i l i t y  of represent -  

ing t h i s  mechanical system i n  t e r m s  of t h e  two loop network shown 

i n  Figure V-3, where Z1 represents  t h e  equiva len t  mechanical i m -  

pedance a s soc ia t ed  w i t h  t h e  motion of M 1 Z 2 t h e  impedance a s soc ia t ed  

1 2 

V- 5 



with the motion of M 

with the relative motion between M1 and M2. 

and Zc the coupling impedance associated 2 

Returning to the example of Figure V-2, the equations for 

the loop velocities X1 and X2 can be written by application of 

Lagrange's equations 

or from the lumped-impedance equivalent of Figure V-3 , 

(V-14) 

An'alternative is provided by noting that V-13 may be written 

By re-defining the impedance as the force divided by the dis- 

placement, 

V-6 



(V-16) 

( V - 1 7 )  

(V-18) 

t h e  a n a l o g o u s  loop can  be drawn d i r e c t l y  i n  t e r m s  of d i s p l a c e -  

men t s  Xl and X 

. 
and impedances Z ' .  

2 

I n  summary, t h e  method of  w r i t i n g  t h e  dynamic e q u a t i o n  of 

mot ion  of a c o u p l e d  mechan ica l  s y s t e m  f o r  ne twork  p r e s e n t a t i o n  

c o n s i s t s  of t h e  f o l l o w i n g  steps:  

1) Group p a r a l l e l  e l emen t s  i n t o  e q u i v a l e n t  impedances 

by summing t h e i r  i n d i v i d u a l  impedances  ( Z I K  Z 'N Z c )  

2 )  D r a w  t h e  a n a l a q o u s  ne twork  d i ag ram,  

i s  a loop and  a lumped impedance f o r  e a c h  d e g r e e  o f  

f reedom, w i t h  c o u p l i n g  impedances fo r  e l e m e n t s  which  

a re  a f f e c t e d  by two or more m o t i o n s .  

b e i n g  sure t h e r e  

3) From t h e  impedance network w r i t e  t h e  l o o p  e q u a t i o n s  

as f o r  an e l e c t r i c a l  impedance n e t w o r k .  

v-7 
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SECTION V I  

STATE-VARIABLE TECHNIQUES FOR SYSTEM NETWORKS 

I n  t h e  s y n t h e s i s  of l i n e a r  s y s t e m s  u s i n g  t h e  n e t w o r k  

approach d e f i n e d  i n  t h e  p r e v i o u s  s e c t i o n s ,  a p o s s i b l e  a2pl ica-  

t i o n  i s  t h e  d e s i g n  of c o n t r o l l e r s .  T h i s  s e c t i o n  c o n s i d e r s  a 

t r a n s f e r  f u n c t i o n  o f  t h e  form 

t o  d e t e r m i n e  a n  appl icable  topologica l  f o r m ,  a n d  d e v e l 0 7  t h e  

t r a n s f e r  f u n c t i o n  i n  t e r m s  of t h e  s t a t e - v a r i a b l e s  of  t h e  

s y s t e m  n e t w o r k .  

A .  CONSIDERATIONS ON THE STATE-VARIABLE METHOD FOR KETIYORKS 

T h e  s t a t e - v a r i a b l e  d e s c r i p t i o n  of  a s y s t e m  is a p o w e r f u l  

t e c h n i q u e ,  i n  w h i c h  t h e  value of all t h e  v a r i a b l e s  whlcll  des-  

cr ibe t h e  s y s t e m  behavior a t  a p a r t i c u l a r  i n s t a n t  of time t 

are  known. The c o n t i n u o u s  seqluence of p o i n t s  i n d i c a t i n g  t h e  

v a l u e s  assumed by  t h e  s t a t e s  i s  c a l l c d  t h e  t r a j cc t c r ) . .  4 

s t a t e  o r  v e c t o r  i s  an e l e m e n t  w l i i c l i  1 - c u r c s e n t s  a v i - c w r t i ’ ,  

q u a n t i t y  o r  € u n c t i o n a l  r e l a t i o n s h i p  o f  somc. th ing .  An)’ s y s t e m  

c a n  be d e f i n e d  i n  tcrms of a co l l cc t lon  of stztcs c7r \ -cctors ,  

c a l l e d  a v c c t o r  space. 

V T - I  
t 



I. 

Schematically,  t h e  "black box" shown i n  Figure VI-1 has a 

s e t  of i n p u t ,  s t a t e  and output v a r i a b l e s .  The number of  s t a t e -  

v a r i a b l e s  r equ i r ed  t o  specify t h e  system uniquely i s  determined 

by t h e  degrees of freedom, o r  b y  t h e  degree of t h e  c h a r a c t e r i s t i c  

FIGURE V I - 1 .  System schematic f o r  s t a t e - v a r i a b l e  r ep resen ta t ion  

equation of t h e  system. 

represented  a s  a 1 x n row matr ix .  

I n  vec tor  no ta t ion  t h e  s t a t e  may be 

- x (+) =I X,( t I ,  k,(t), - - - - Xn(t)l 

o r  a s  an n x 1 column matrix 

( V I - 1 )  

( V I - 2 )  

The b a s i c  canonic equations of a system descr ibable  by  a s e t  

of  l i n e a r  d i f f e r e n t i a l  equations ar,c of t h e  form: 

V I - 2  



( V I - 3 a )  

Y =  s E + $ g  ( V I - 3 b )  

where 

i s  t h e  output  vec tor  and 2 is  t h e  t ransmission vec tor  of t h e  

i s  t h e  c o e f f i c i e n t  vec to r ,  B i s  t h e  d r iv ing  v e c t o r ,  C 

s y s t e m .  

Example 1: Given t h e  d i f f e r e n t i a l  equat ion of  t h e  system a s :  

(VI -4) 

To convert  t h e  above i n t o  mat r ix  form, 

(VI-5) i n  expanded form a s :  

w i t h  Equation 

V I - 3  



E x a m p l e  1 ( c o n t i n u e d )  

For c l a r i t y ,  i t  s h o u l d  be n o t e d  t h a t  t h e  g e n e r a l  vec to r  

e q u a t i o n  r e p r e s e n t s  a s y s t e m  of e q u a t i o n s  of t h e  f o r m :  

+ 

t h a t  h a v e  t o  be s o l v e d .  

From E q u a t i o n  ( V I - 7 )  it r e a d i l y  follows t h a t :  

w h i c h  may he written i n  vector form as :  

G(t) A, )i. * B u - -  - 
V I - 4  

V I - 7 )  

( V I - 8 )  



Example 1 ( c o n t i n u e d )  

The t r a n s f e r  f u n c t i o n  i n  t e r m s  of s t a t e - v a r i a b l e s  

may e a s i l y  be o b t a i n e d  by t a k i n g  t h e  L a p l a c e  t r a n s -  I 

f o r m  of E q u a t i o n s  ( IV-3a)  a n d  ( V I - 3 b ) .  ~ 

( V I - 8 a )  

r e s u l t i n g  i n  

( V I - 8 b )  

( V I  - 9 a ) 
I 
, 

(VI-9b)  I 
I 

m a n i p u l a t i n g  e q u a t i o n  (VI-9a)  i n  t o  a form r e a d i l y  

, 
~ 

s u b s t i t u t e d  i n t o  (VI-9b)  

or 

I 

(VI-10)  

( V I - 1 1 )  

( V I - 1 2 )  I 

V I - 5  
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E x a m p l e  1 ( c o n t i n u e d )  

o r  

( VI -13 ) 

F o r  t h e  f r e q u e n c y  domain c o n s i d e r a t i o n s ,  t h e  i n i t i a l  

c o n d i t i o n s  are  n e g l e c t e d ,  i . e . ,  X ( 0 )  = 0 ,  t h e r e f o r e  

t h e  t r a n s f e r  f u n c t i o n  i n  s t a t e - v a r i a b l e  form i s  

( V I - 1 4 )  

B. CONSIDERATIONS ON CONTROL TOPOLOGIES 

T h r e e  s i m p l e  examples w i l l  be c o n s i d e r e d ,  d e m o n s t r a t i n g  

t he  method of c o n v e r t i n g  from n e t w o r k  t o p o l o g y  t o  a c o n t r o l  

t o p o l o g y .  

E x a m p l e  2 :  

r 

FIGURE VI-2. Network diagram of s y s t - e m  $1 

V I - G  
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Example 2 (continued) 

( V I - 1 5 )  

X'O/X,l 

= , y s + ~ v & . , &  

5 ( + W%,J 
The block diagram f o r  t h e  above equat ion i s  shown i n  

Figure ( V I - 3 )  

F I G U R E  V I - 3 .  Control block diagram o f  system #l 

F i j ' ~ , ' e  VI-3 324. bc easily redrawn sild ths s t a t e -  

v a r i a b l e s  defined a s  shown i n  F i g u r e  VI-4. 

t h e  output  of the  i n t e g r a t o r s  denote t h e  s t a t e -  

v a r i a b l e s  xP). 

(Note: 

V I - 7  



Example 2 ( c o n t i n u e d )  

F I G U R E  V I - 4 .  C o n t r o l  s y s t e m  #l block diagram d e f i n e d  i n  t e r m s  
of s t a  te-var i ab le s . 

Example 3 :  

F I G U R E  V I - 5 .  Network d i a g r a m  of sl.stt7n1 8 2  

VI -8 



E x a m p l e  3 ( c o n t i n u e d )  

0 

I 

0 

(VI-16)  

The block d i a g r a m  fo r  the above e q u a t i o n  i s  shown 

i n  F i g u r e  VI-6.  

FIGURE VI-6.  C o n t r o l  block d i a g r a m  of system #2  

F i g u r e  V I - 6  may e a s i l y  be r e d r a w n  and  the s t a t e -  

va r i ab le  d e f i n e d  as shown i n  l'igure 171-7. 

V T - 9  



Example 3 ( c o n t i n u e d )  

FIGURE V I - 7 .  C o n t r o l  s y s t e m  #2  block d i a g r a m  d e f i n e d  i n  t e r m s  
of s t a t c - v a r i a b l e s .  

V I - 1 0  



Example 4: 

FIGURE V I - 8 .  Network diagram of system #3 

( V I - 1 7 )  

V I - 1 1  



E x a m p l e  4 ( c o n t i n u e d )  

FIGURE V I - 9 .  C o n t r o l  s y s t e m  #3 block d i a g r a m  

A g e n e r a l i z a t i o n  of t h e  c o n t r o l  t o p o l o g y  t h a t  c a n  

be u s e d  t o  r e p r e s e n t  t h e  poles and  zeros of a 

s y s t e m  d e f i n e d  b y  t h e  t r a n s f e r  - f u n c t i o n  

k 

i s  shown i n  F i g u r e  V I - 1 0 .  

V I - 1 2  

( V I - 1 8 )  



Example 4 ( c o n t i n u e d )  

FIGURE VI-10. G e n e r a l i z e d  c o n t r o l  s y s t e m  t o p o l o g y  

V I - 1 3  



S E C T I O N  VI1 

CONCLUSIONS AND RECOMMENDATIONS 

A method f o r  searching through a p a r t i c u l a r  def ined  order -  

ed space f o r  t h a t  subse t  of systems s a t i s f y i n g  t h e  given r equ i r e -  

ments wi th in  t h a t  space has  been presented .  

t h e  d e f i n i t i o n  of a genera l ized  technique f o r  syn thes i z ing  

systems using networg concepts t o  s t r u c t u r e  t h e  problem and t h e  

I t  has r e s u l t e d  i n  

d i g i t a l  computer fo r  c a l c u l a t i n g  t h e  element va lues .  

The concept of synthes iz ing  s y s t e m s  from graph o r  topo- 

l o g i c a l  cons idera t ions  was developed i n  Sec t ions  11, I11 and I V  

using a quadra t i c  impedance form t o  de f ine  t h e  elements.  This 

procedure allows f o r  t h e  determination of s y s t e m s  c o n s i s t i n g  of 

non-ideal pass ive  elements,  i . e . ,  phys i ca l ly  r e a l  systems a s  

compared wi th  t h e  i d e a l i z e d  elements determined by  c l a s s i c a l  

s y n t h e s i s  techniques.  This concept i s  a d i r e c t  approach t o  

t h e  opt imizat ion problem for i t  r e q u i r e s  t h e  enumeration of 

a l l  poss ib l e  systems wi th in  t h e  ordered space s a t i s f y i n g  t h e  

s p e c i f i c a t i o n s .  The optimum conf igu ra t ion ,  dependent upon t h e  

c r i t e r i a ,  i s  then s e l e c t e d  from among t h e  c a l c u l a t e d  systems. 
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From t h e  s t u d i e s  t h a t  have  been  comple t ed  it i s  a p p a r e n t  

t h a t  f u r t h e r  r e f i n e m e n t s  are p o s s i b l e ,  s t a r t i n g  w i t h  t h e  

machine  e x p a n s i o n  o f  t h e  o r d e r e d  s p a c e  i n  a c o n t i n u o u s  f a s h i o n ,  

e n a b l i n g  a p r o g r e s s i v e  s e a r c h  for s y s t e m s  s a t i s f y i n g  t h e  re- 

q u i r e m e n t s .  The u l t i m a t e  s y n t h e s i s  p r o c e d u r e  as c o n c e i v e d  i n  

t h i s  r e p o r t  i s  one t h a t  i s  c o m p l e t e l y  computer-mechanized from 

t h e  i n p u t  specif icat ions t o  t h e  o u t p u t  s y s t e m  t o p o l o g y  h a v i n g  

r ea l i s t i c  component v a l u e s .  C o n s e q u e n t l y  emphas is  s h o u l d  be 

p l a c e d  n e x t  on de f i -n ing  a programmable s e a r c h  mode f o r  an ex- 

panded  t o p o l o g y  i n c o r p o r a t i n g  a c t i v e  e l e m e n t s .  
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